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a b s t r a c t
The inequality ρ(G) ≤ γ (G) between the packing number ρ(G) and the domination
number γ (G) of a graph G is well known. For general graphs G, there exists no upper bound
on γ (G) of the form γ (G) ≤ f (ρ(G))where f is a function, as is remarked in [DiscreteMath.
309 (2009), 2473–2478]. In this paper, we observe that γ (G) ≤ ∆(G)ρ(G), where ∆(G)
denotes themaximumdegree of G. We characterize connected graph Gwith∆(G) ≤ 3 that
achieve equality in this bound.We conjecture that if G is a connected graphwith∆(G) ≤ 3,
then γ (G) ≤ 2ρ(G), with the exception of three graphs, one of which is the Petersen graph.
We verify this conjecture in the case of claw-free graphs.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
We consider finite, simple, undirected graphs Gwith vertex set V (G) of order n(G) and edge set E(G). For a vertex u of G,
the neighborhood, the closed neighborhood, and the degree of u in G are denoted by NG(u),NG[u], and dG(u), respectively.
The minimum degree of G is denoted by δ(G) and the maximum degree of G is denoted by ∆(G). For a set U of vertices of
G, let NG(U) = u∈U NG(u) and NG[U] = u∈U NG[u]. The subgraph of G induced by U is denoted by G[U]. The distance
between two vertices u and v of G is denoted by dG(u, v). A path P in G with vertices v1, . . . , vn in linear order is denoted
by P : v1 . . . vl. A cycle C in G with vertices v1, . . . , vn in cyclic order is denoted by C : v1 . . . vlv1. The girth of G is the
minimum order of a cycle in G. The path, cycle, and complete graph of order n are denoted by Pn, Cn, and Kn, respectively.
The complete bipartite graph with partite sets of sizes n1 and n2 is denoted by Kn1,n2 . The graph K1,3 is a claw. The graph that
arises by deleting one edge of K4 is a diamond. A graph G is F-free if it does not contain the graph F as an induced subgraph.
In particular, if F = K1,3, then an F-free graph is called claw-free.
Let D be a set of vertices of a graph G. The set D dominates a vertex u of G if NG[u] contains an element of D, and D is a
dominating set of G if D dominates every vertex of G. The minimum size of a dominating set of G is the domination number
γ (G) of G.
A set S of vertices of a graph G is a packing of G if the closed neighborhoods of every two distinct vertices in S are disjoint
or, equivalently, dG(u, v) ≥ 3 for every two distinct vertices u and v in S. A packing of G is maximal if it is not the subset of
a larger packing of G. Furthermore, a maximum packing is a packing of maximum size. The size of a maximum packing of G
is the packing number ρ(G) of G.
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Fig. 1. The graphs H1,H2 , and H3 .
If G is a graph, S is a packing of G, and D is a dominating set of G, then D contains at least one vertex from NG[u] for
every u ∈ S. Since the closed neighborhoods of the vertices in S are pairwise disjoint, this implies |D| ≥ |S|. Therefore, the
domination number is at least the packing number [4, Theorem 2.13], i.e.,
ρ(G) ≤ γ (G). (1)
Meir and Moon [6] showed that trees satisfy (1) with equality and Löwenstein et al. [5] proved γ (G) ≤ 2ρ(G) for cacti. For
further results concerning the ratios of graph parameters related to domination, packing, and covering problems we refer
the reader to [2,3,8,9].
As pointed out by Burger et al. in [1], the Cartesian product KnKn of two complete graphs of order n satisfies ρ(KnKn) =
1 and γ (KnKn) = n, which implies that for general graphs, there exists no upper bound on the domination number in terms
of the packing number. A natural assumption that ensures the existence of such a bound is to limit the maximum degree.
More precisely, we make the following observation.
Observation 1. For every graph G with δ(G) ≥ 1, the neighborhood NG(S) of every maximal packing S of G is a dominating set
of G. In particular,
γ (G) ≤ ∆(G)ρ(G), (2)
with equality only if G is regular and every maximal packing of G is maximum.
Proof. Let D = NG(S). If there is some u ∈ V (G) \ D such that u has no neighbor in D, then u ∉ S and S ∪ {u} is a packing of
G, which contradicts the maximality of S. Hence D is dominating. Clearly, γ (G) ≤ |D| ≤ ∆(G)|S| ≤ ∆(G)ρ(G), with equality
only if G is regular and every maximal packing is maximum. 
We remark that if G = KnKn, then γ (G) = 12 (∆(G) + 2)ρ(G). Thus the bound (2) is the best possible up to some
constant factor. Our aim in the present paper is to study extremal graphs achieving equality in the bound in (2) and possible
improvements for (2).
Since γ (T ) = ρ(T ) for trees T [6] and γ (Cn) = ⌈n/3⌉ and ρ(Cn) = ⌊n/3⌋, it follows easily that γ (G) = 2ρ(G) holds for a
connected graph Gwith∆(G) ≤ 2 if and only if G ∈ {C4, C5}. In fact, we obtain the following stronger bound for connected
graphs with maximum degree 2.
Observation 2. If G is a connected graph G with ∆(G) ≤ 2, then γ (G) ≤ ρ(G) + 1, with equality if and only if G = Cn and
n ≡ 1, 2(mod 3).
For connected graphs of maximum degree 3, we conjecture the following improvement for (2).
Conjecture 3. If G is a connected graph with∆(G) ≤ 3, then γ (G) ≤ 2ρ(G)+ 1, with equality if and only if G ∈ {H1,H2,H3}
(cf. Fig. 1).
The graphs H1 and H2 are the only cubic non-planar graphs of order 8. The graph H2 is known as the Wagner graph.
Furthermore, H1 and H2 are the two known extremal cubic graphs for Reed’s [7] bound γ (G) ≤ 38n(G) on the domination
number of a graph Gwith minimum degree 3 and order n(G). Note that H3 is the famous Petersen graph.
If true, Conjecture 3 would be best possible: The graphs Gwhose structure is indicated in Fig. 2 satisfy γ (G) = 2ρ(G).
In this paper, we prove the following two results.
Theorem 4. If G is a connected graph with∆(G) ≤ 3, then γ (G) = 3ρ(G) if and only if G ∈ {H1,H2,H3}.
Theorem 5. If G is a claw-free graph with∆(G) ≤ 3, then γ (G) ≤ 2ρ(G).
A proof of Theorem 4 is presented in Section 2, while a proof of Theorem 5 is given in Section 3.
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Fig. 2. Families of graphs G satisfying γ (G) = 2ρ(G).
2. Proof of Theorem 4
If G ∈ {H1,H2,H3}, then γ (G) = 3 and ρ(G) = 1, which implies the sufficiency of the condition. We proceed to the proof
of the necessity. Let G be a connected graph with∆(G) ≤ 3 and γ (G) = 3ρ(G). If n(G) = 1, then γ (G) = ρ(G) = 1, which
is a contradiction. Hence n(G) ≥ 2, which implies δ(G) ≥ 1. By Observation 1, G is cubic and every maximal packing of G is
maximum. We proceed further with a series of claims.
Claim A. The graph G has girth at most 5.
Proof of Claim A. Assume, to the contrary, that G has girth at least 6. Suppose G has girth at least 7. Let P: u1u2u3 be a path
of order 3. For 1 ≤ i ≤ 3, let vi denote a neighbor of ui outside of P . Since every two vertices in {v1, v2, v3} are at distance
at least 3 apart, choosing S as a maximal packing containing {v1, v2, v3}, the set D = NG(S) \ {u2} is a dominating set with
|D| < 3ρ(G), which is a contradiction. Hence, G has girth 6.
Let C: u1u2 . . . u6u1 be a cycle of length 6. For 1 ≤ i ≤ 6, let vi denote the neighbor of ui outside of C . By the girth
condition, all vi are distinct. If S0 = {v1, v2, u4} is a packing, then choosing S as a maximal packing containing S0, the set
D = NG(S) \ {u2} is a dominating set with |D| < 3ρ(G), which is a contradiction. Hence S0 is not a packing. By the girth
condition, v1 and v2 are not adjacent. This implies that two vertices from S0 have a common neighbor. By the girth condition,
this implies that v1 is adjacent to v4. By symmetry, we obtain v2v5, v3v6 ∈ E(G).
If S0 = {v1, v2, v3} is a packing, then choosing S as a maximal packing containing S0, the set D = NG(S) \ {u2} is a
dominating setwith |D| < 3ρ(G), which is a contradiction. Hence, by the girth condition, v1 and v3 have a common neighbor
w1 that does not belong to C and is not a neighbor of a vertex of C . By symmetry, v3 and v5 have a common neighbor that,
by the maximum degree condition, must bew1.
By symmetry, there is a vertex w2 that is adjacent to v2, v4, and v6. Now, G is the Heawood graph (cf. Fig. 6), γ (G) = 4,
and ρ(G) = 2, which is a contradiction. Hence, G has girth at most 5. 
Claim B. If G contains a triangle, then G = H1.
Proof of Claim B. Suppose that G contains a triangle T : u1u2u3u1. If u1 and u2 have a common neighbor distinct from u3,
then choosing S as a maximal packing with u1 ∈ S, the set D = NG(S) \ {u2} is a dominating set with |D| < 3ρ(G), which is
a contradiction. Hence no two vertices of T have a common neighbor outside of T , i.e. G is diamond-free. For 1 ≤ i ≤ 3, let
vi denote the neighbor of ui outside of T . Let I = {v1, v2, v3}.
If dG(v1, v2) ≥ 3, then choosing S as a maximal packing with v1, v2 ∈ S, the set D = NG(S) \ {u1} is a dominating set
with |D| < 3ρ(G), which is a contradiction. Hence, by symmetry, every two of the vertices in I are distance at most 2 apart.
If v1v2 ∈ E(G), then choosing S as a maximal packing with u1 ∈ S, the set D = NG(S) \ {u2} is a dominating set with
|D| < 3ρ(G), which is a contradiction. Hence, by symmetry, I is an independent set. By the previous observation, every two
of the vertices in I have a common neighbor.
First, we assume that there is no vertex that is adjacent to all vertices in I . This yields the existence of three distinct
vertices x1,2, x1,3, and x2,3 such that xi,j is adjacent to vi and vj. Since ∆(G) ≤ 3, we may assume, by symmetry, that x2,3
is adjacent to neither x1,2 nor x1,3. Now dG(v1, x2,3) = 3 and choosing S as a maximal packing with v1, x2,3 ∈ S, the set
D = NG(S) \ {v2} is a dominating set with |D| < 3ρ(G), which is a contradiction. Hence there is some vertex x that is
adjacent to all vertices in I .
For 1 ≤ i ≤ 3, let wi denote the neighbor of vi distinct from ui and x. If w1 and w2 are distinct, then dG(u2, w1) = 3 and
choosing S as a maximal packing with u2, w1 ∈ S, the set D = NG(S) \ {u1} is a dominating set with |D| < 3ρ(G), which is
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Fig. 3.
Fig. 4. The Wagner graph.
a contradiction. Hence, by symmetry, w1 = w2 = w3, which implies that V (G) = {u1, u2, u3, v1, v2, v3, w1, x} and G = H1
(cf. Fig. 3). 
By Claim B, we may assume that G contains no triangle; for otherwise, G = H1. Hence, G has girth at least 4.
Claim C. The graph G does not contain K2,3 as a subgraph.
Proof of Claim C. Assume, to the contrary, that G contains K2,3 with partite sets {u1, u2} and {v1, v2, v3}. Since G contains no
triangle, every copy of K2,3 in G is induced. For 1 ≤ i ≤ 3, letwi denote the neighbor of vi distinct from ui. Ifw1 = w2 = w3,
then G = K3,3, γ (G) = 2, and ρ(G) = 1, which is a contradiction.
First, we assume w1 = w2 ≠ w3. If w1w3 ∉ E(G), then dG(v2, w3) = 3 and choosing S as a maximal packing with
v2, w3 ∈ S, the set D = NG(S) \ {v3} is a dominating set with |D| < 3ρ(G), which is a contradiction. Hence, w1w3 ∈ E(G).
Let x denote the neighbor of w3 distinct from v3 and w1. Now, dG(v2, x) = 3 and choosing S as a maximal packing with
v2, x ∈ S, the set D = NG(S) \ {w3} is a dominating set with |D| < 3ρ(G), which is a contradiction. Hence, w1, w2, and w3
are all distinct.
Since G contains no triangle, we may assume, by symmetry, thatw1w2 ∉ E(G). Now, dG(v2, w1) = 3 and choosing S as a
maximal packing with v2, w1 ∈ S, the set D = NG(S) \ {v1} is a dominating set with |D| < 3ρ(G), which is a contradiction.
Hence, G does not contain K2,3 as a subgraph. 
Claim D. If G contains a 4-cycle, then G = H2.
Proof of Claim D. Suppose that G contains a 4-cycle C: u1u2u3u4u1. For 1 ≤ i ≤ 4, let vi denote the neighbor of ui outside
of C . Since G contains neither K3 nor K2,3, the vertices in I = {v1, v2, v3, v4} are pairwise distinct. If dG(v1, u3) = 3, then
choosing S as a maximal packing with v1, u3 ∈ S, the set D = NG(S) \ {u1} is a dominating set with |D| < 3ρ(G), which is a
contradiction. By symmetry, this implies that v1v3, v2v4 ∈ E(G).
If dG(v1, v2) = 3, then choosing S as a maximal packing with v1, v2 ∈ S, the set D = NG(S) \ {u1} is a dominating set
with |D| < 3ρ(G), which is a contradiction. Hence every two vertices in I are distance 2 apart.
If G contains none of the edges in {v1v2, v2v3, v3v4, v4v1}, then there is some vertex w that is adjacent to both v1 and
v2. Since dG(v1, v4), dG(v2, v3) ≤ 2, this implies that w is adjacent to v3 and v4, which contradicts ∆(G) ≤ 3. Hence, by
symmetry, we may assume that v1v2 ∈ E(G).
If v3 and v4 are not adjacent, then there is some vertexw′ adjacent to v3 and v4. Now dG(u1, w′) = 3 and choosing S as a
maximal packing with u1, w′ ∈ S, the set D = NG(S) \ {u4} is a dominating set with |D| < 3ρ(G), which is a contradiction.
Hence v3v4 ∈ E(G), which implies that V (G) = {u1, u2, u3, u4, v1, v2, v3, v4} and G = H2 (cf. Fig. 4). 
By Claim D, we may assume that G contains no 4-cycle, for otherwise, G ∈ {H1,H2} as desired. Hence, G has girth exactly
5. Let C: u1u2u3u4u5u1 be a 5-cycle in G. For 1 ≤ i ≤ 5, let vi denote the neighbor of ui outside of C . By the girth condition,
all vi are distinct. If dG(v1, u3) = 3, then choosing S as a maximal packing with v1, u3 ∈ S, the set D = NG(S) \ {u1} is a
dominating set with |D| < 3ρ(G), which is a contradiction. Hence, by symmetry, v1v3, v2v4, v3v5, v4v1, v5v2 ∈ E(G), which
implies that G = H3 (cf. Fig. 5). 
3. Proof of Theorem 5
Recall the statement of Theorem 5.
Theorem 5. If G is a claw-free graph with∆(G) ≤ 3, then γ (G) ≤ 2ρ(G).
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Fig. 5. The Petersen graph.
Fig. 6. The Heawood graph.
Proof. For contradiction, we assume that G is a counterexample of minimum order. Clearly, G is connected and n(G) ≥ 5.
If G contains a diamond H as a subgraph, then deleting from G one of the two vertices of degree 3 in H results in a graph
G′ with γ (G′) = γ (G) and ρ(G′) = ρ(G), which contradicts the choice of G. Hence G is diamond-free.
For a packing S of G, let N = NG(S) and R = V (G) \ (S ∪ N). For 1 ≤ i ≤ 3, let Vi denote the set of vertices of G that are
of degree i and let Si = S ∩ Vi.
Among all packings in G, let S be chosen so that
(C1) |S1| is maximized,
(C2) subject to Condition (C1), 5|S2| + 3|S3| is maximized,
(C3) subject to Conditions (C1) and (C2),
∑
v∈N dG(v) is maximized, and
(C4) subject to Conditions (C1) to (C3), the number of cycles v1v2v′2v
′
1v1 of length four with v1, v2, v
′
1, v
′
2 ∈ N such that
there are two vertices u and u′ in S with v1, v2 ∈ NG(u) and v′1, v′2 ∈ NG(u′) is maximized.
We describe the construction in four steps of a set of vertices D such that |D| ≤ 2|S| ≤ 2ρ(G), and we prove that it is
dominating in G.
(1) Let D = ∅.
(2) For every vertex u ∈ S1, let v denote the neighbor of u. Since G is not K2, dG(v) ≥ 2.
If dG(v) = 2, then add v and the neighbor of v distinct from u to D.
If dG(v) = 3, then add v to D.
(3) For every vertex u ∈ S2, let v1 and v2 denote the neighbors of u such that dG(v1) ≤ dG(v2). Note that, by Condi-
tion (C1), dG(v1) ≥ 2.
If dG(v1) = dG(v2) = 2, then add v1 and v2 to D.
If dG(v1) = 2, dG(v2) = 3, and v1 and v2 are not adjacent, then add v2 and the neighbor of v1 distinct from u to D.
If dG(v1) = 2, dG(v2) = 3, and v1 and v2 are adjacent, then add v2 and the neighbor of v2 distinct from u and v1 to D.
If dG(v1) = dG(v2) = 3 and v1 and v2 are not adjacent, then add v1 and v2 to D.
If dG(v1) = dG(v2) = 3 and v1 and v2 are adjacent, then, for 1 ≤ i ≤ 2, let w3−i denote the neighbor of v3−i distinct
from vi and u. By symmetry, we may assume that |NG[w1] ∩ N| ≥ |NG[w2] ∩ N|. Add v1 andw2 to D.
(4) For every vertex u ∈ S3, let v1, v2, and v3 denote the neighbors of u. Since G is claw-free, we may assume that v1 and v2
are adjacent. Note that, by Condition (C1), dG(v3) ≥ 2 and, by Condition (C2), dG(v1) = dG(v2) = 3.
Add v3 to D. Furthermore, add either v1 or v2 to D.
It follows easily that, by construction, |D| ≤ 2|S| ≤ 2ρ(G). Note that there is some freedom in the choice of D in Steps (3)
and (4). We assume that D is chosen among all sets that are obtained as described in Steps (1)–(4) such that
(C5) |NG[D]| is maximized,
(C6) subject to Condition (C5), |NG[D] ∩ V2| is maximized.
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By construction of the set D, every vertex in (S ∪ N) \ D has a neighbor in D. Therefore, in order to prove that D is
dominating, we may assume, for contradiction, that there is some vertex w ∈ R \ D that does not have a neighbor in D. By
Conditions (C1) and (C2), the set S is a maximal packing of G, which implies thatw has at least one neighbor in N . Let v1 be
a neighbor of w in N and let u be the neighbor of v1 in S. By the construction of D, it follows that u has two neighbors v2
and v3 distinct from v1 and that v1 and v2 are adjacent. By Condition (C2), we obtain dG(v1) = dG(v2) = 3. By symmetry,
all vertices in S at distance at most 2 fromw are of degree 3. Therefore, if dG(w) = 1, then S1 ∪ {w} is a packing of G, which
contradicts Condition (C1). Hence, dG(w) ≥ 2. We consider two cases according to the degree ofw. 
Case 1 dG(w) = 2.
Let v′1 denote the neighbor of w distinct from v1. If v
′
1 ∈ R, then (S \ {u}) ∪ {w} is a packing of G, which contradicts
Condition (C2). Hence, v′1 ∈ N . By symmetry between v1 and v′1, the vertex v′1 has a neighbor u′ in S and u′ has two neighbors
v′2 and v
′
3 distinct from v
′
1 such that dG(v
′
1) = dG(v′2) = 3 and v′1 and v′2 are adjacent. By construction, v2, v′2, v3, v3 ∈ D. By
Condition (C5), there is a vertexw′ in R such that NG(w′)∩ D = {v2}. By Condition (C1), we have dG(w′) ≥ 2. If dG(w′) = 3,
then the setD′ = (D\{v2})∪{v1} is obtained as described in Steps (1)–(4), |NG[D′]| = |NG[D]|, and |NG[D′]∩V2| > |NG[D]∩V2|,
which contradicts Condition (C6). Hence dG(w′) = 2. By symmetry betweenw andw′ and sinceNG(w′)∩D = {v2}, the vertex
w′ is at distance 2 from a vertex u′′ in Swith dG(u′′) = 3 such that u′′ is distinct from u and u′. The set (S\{u, u′, u′′})∪{w,w′}
is a packing of G, which contradicts Condition (C2). This completes the proof in this case.
Case 2 dG(w) = 3.
Letw1 = w, and letw2 andw3 denote the neighbors ofw1 distinct from v1. Since G is claw-free, the verticesw2 andw3
are adjacent. Let T denote the trianglew1w2w3w1. Sincew1 has no neighbor inD, the claw-freeness ofG and the construction
of D imply thatw2 andw3 belong to R. By Condition (C5), we have |NG[D]| ≥ |NG[(D \ {v2})∪ {v1}]|. Hence there is a vertex
w′1 ∈ R \ Dwith NG(w′1) ∩ D = {v2}. By Condition (C1), dG(w′1) ≥ 2.
If dG(w′1) = 2, then we obtain as in Case 1, by Condition (C2), that w′1 has a neighbor v′1 in N distinct from v2, v′1 has a
neighbor u′ in S, u′ has two neighbors v′2 and v
′
3 distinct from v
′
1, and v
′
1 and v
′
2 are adjacent. Since dG(w1, w
′
1) = 3, the set
(S \ {u, u′}) ∪ {w1, w′1} is a packing of G, which contradicts Condition (C2). Hence dG(w′1) = 3.
By the symmetry between w1 and w′1, the vertex w
′
1 belongs to a triangle T
′ with V (T ′) ⊆ R. If T ′ ≠ T , then
dG(w1, w′1) = 3 and (S \ {u}) ∪ {w1, w′1} is a packing of G, which contradicts Condition (C2). Hence T ′ = T , i.e. w′1 belongs
to T , and we may assume thatw′1 = w2. Let v′1 denote the neighbor ofw3 in N , and let u′ denote the neighbor of v′1 in S. We
consider two subcases according to the degree of v′1.
Case 2.1 dG(v′1) = 2.
By the construction of D, we have dG(u′) ≥ 2. If dG(u′) = 2, then let v′2 denote the neighbor of u′ distinct from v′1. By
Condition (C1), dG(v′2) ≥ 2. If dG(v′2) = 2, then S ′ = (S \ {u′}) ∪ {v′1} is a packing of G with
∑
v∈NG(S′) dG(v) >
∑
v∈N dG(v),
which contradicts Condition (C3). Hence, dG(v′2) = 3. By the construction of D, we obtain w3 ∈ D, which is a contradiction.
Hence, dG(u′) = 3. Now, (S \ {u′})∪{v′1} is a packing of G, which contradicts Condition (C2). This completes the proof in this
subcase.
Case 2.2 dG(v′1) = 3.
Since G is claw-free, the vertex v′1 belongs to a triangle, which necessarily contains u′ and the neighbor v
′
2 of u
′ distinct
from v′1. If dG(u′) = 3, then S ′ = (S \ {u′}) ∪ {w3} is a packing of G with
∑
v∈NG(S′) dG(v) ≥
∑
v∈N dG(v); in view of the
cyclew1w2v2v1w1, we obtain a contradiction to Condition (C4). Hence dG(u′) = 2. If dG(v′2) = 2, then the construction of D
implies that w3 ∈ D, which is a contradiction. Hence, dG(v′2) = 3. Let w′3 denote the neighbor of v′2 distinct from v′1 and u′.
Sincew3 ∉ D, the construction of D implies v′1, w′3 ∈ D. Hence, by Step (3) in the construction of D,
1 ≤ |NG[w′3] ∩ N| ≤ |NG[w3] ∩ N| = 1.
Now (S \ {u′}) ∪ {w3, w′3} is a packing of G, which contradicts Condition (C2). This last contradiction implies that D is a
dominating set of G, which completes the proof. 
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